The aim of this paper is the following: Firstly give the explicit constructions of the infinitesimal deformation of Coh(X). Here X is a smooth projective variety. Secondly we show the Fourier-Mukai transform Φ :
Introduction 2 Hochschild cohomology and derived category
In the rest of this paper we assume X is a smooth projective variety over C, and A be a projective coordinate ring of X. Let D b (X) := D b (Coh(X)) and ∆ ⊂ X × X be a diagonal. In this section we recall the definition of Fourier-Mukai transform, Hochschild cohomology and their properties.
Definition 2.1 Let X and Y be smooth projective varieties and take P ∈ D b (X × Y ).
Let p i be projections from X × Y onto corresponding factors. We define Φ P X→Y as the following functor:
Φ P X→Y is called integral transform. If Φ P X→Y gives an equivalence, then it is called FourierMukai transform.
The following theorem is fundamental in studying derived categories. [6] ) Let Φ : D b (X) → D b (Y ) be an exact functor. Assume that Φ is fully faithful and has a right adjoint. Then there exists an object P ∈ D b (X × Y ) such that Φ is isomorphic to the functor Φ P X→Y . Moreover P is uniquely determined up to isomorphism.
Theorem 2.2 (Orlov
P is called a kernel of Φ. Next we recall the Hochschild cohomology of the structure sheaf, given in [5] .
Definition 2.3
We define HH N (X) and HT N (X) as follows:
Here Hom is a morphism in D b (X × X). HH * (X) is called Hochschild cohomology.
Hochschlid cohomology is in some sense natural transforms id X → [N ]. In fact the object F ∈ D b (X ×X) gives a functor Φ F X→X , and the morphism F → G gives a natural transform Φ F X→X → Φ G X→X . But as in [2] , we can not consider D b (X ×X) as the category of functors precisely. (The map from the morphisms in D b (X × X) to the natural transforms is not injective in general.) However we can show the several properties of derived categories concerning D b (X × X), for example categorical invariance of Hochschlid cohomology, as if it is a category of functors. Since the natural transforms are the categorical, Hochschlid cohomology should be categorical invariant. In fact we have the following theorem by [2] . (Outline of the proof ) We will give the outline of the Caldararu's proof. Let P ∈ D b (X ×Y ) be a kernel of Φ, and E ∈ D b (X × Y ) be a kernel of Φ −1 . Let p ij : X × X × Y × Y → X × Y be projections onto corresponding factors. Caldararu [2] showed that the functor with kernel= p * 13 P ⊠ p → Ω i X is given by
Details are in [3] . Therefore we have the following isomorphism:
I HKR is called HKR(Hochschilid-Kostant-Rosenberg)-isomoprhism. In the rest of this paper we denote I HKR as I X . Assume that X and Y are related by some Fourier-Mukai transform Φ :
. By combining the isomorphisms I X , I Y and φ, we have the isomorphism:
In the following 2-sections, we will construct the deformations of Coh(X) for u ∈ HT 2 (X).
3 Non-commutative deformations of affine schemes
Let R be a Noetherian commutative ring and X = Spec R. In this section we will consider sheaf of (not necessary commutative) algebra on X. Let U X be the category whose objects consist of Zariski open subset of X, and A be a sheaf of algebra on X. Recall that sheaf of left A-module M is quasi-coherent if for each x ∈ X, there exists an open neighborhood U of x and an exact sequence of left A U -modules,
M is coherent if the following conditions are satisfied:
• M is finitely generated, i.e. for every x ∈ X, there exists an open neighborhood U of x and a surjection (A U ) n ։ M U .
• For every U ∈ U X and every n ∈ Z >0 , and an arbitrary morphism of left A U -modules φ : (A U ) n → M U , ker φ is finitely generated.
We denote the category of sheaves of A-modules by Mod(A), full-subcategory of quasicoherent sheaves by QCoh(A), and coherent sheaves by Coh(A). Of course it is well-known that if A = O X , then quasi-coherent sheaf is written as M for some R-module M , and coherent sheaf is M for finitely generated R-module M . We will generalize these results to some non-commutative situations. Let γ be a bidifferential operator γ : R × R −→ R. We define the (non-commutative) ring structure on R[ε]/(ε 2 ) as follows:
(a + bε) * γ (c + dε) := ac + (γ(a, c) + ad + bc)ε, and denote this ring R (γ) . Let M be a left R (γ) -module. Then the functor
determines a presheaf of set on X. Let M be its sheafication. We have a sheaf of ring O (γ)
As in the commutative case we have the following lemma. 
and the left action of R (γ) on ker(r) and R ⊗ R (γ) M descends to R. Therefore ker(r) and R ⊗ R (γ) M are quasi-coherent O X -modules. By applying M → M and taking global sections, we obtain the commutative diagram:
It is easy to check that the multiplicative set S = {f * γ n } n≥0 ⊂ R (γ) satisfies the right and left Ore localization conditions, and R
f is a localization S −1 R (γ) . Therefore the functor M → M is an exact functor. Moreover since H 1 (X, ker r) = 0, the top diagram is exact. By the 5-lemma, we have the isomorphism M (X) → M .
(2) Since M → M is an exact functor, we have an exact sequence
we can easily see F is given by the extension of quasi-coherent O X -modules. Therefore the problem is reduced to the following lemma:
is fully faithful.
) and we will show that
is an isomorphism. By taking free resolution, we may assume M is a bounded above complex of free
Here σ ≥−k means stupid truncation. Now we have a sequence of complexes → M k → M k+1 → · · · and if we take the homotopy colimit
then there exists a quasi-isomorphism hocolim(M k ) → M . Here s is the shift map, whose coordinates are the natural maps M k → M k+1 . Therefore we may assume M is a finite complex of free R (γ) -modules. Again by taking stupid truncations, we may assume M = R (γ) . Since N is bounded, we may assume N = N ′ [k] for some left R (γ) -module N ′ . Now it suffices to show the map
is an isomorphism. If k < 0, then both sides are zero. If k = 0, then both sides are N ′ . If k > 0, then the LHS is zero, so it suffices to show
(4) It is easy to check the submodule of finitely generated R (γ) -module is also finitely generated. Using this fact, we can see M for finitely generated left R (γ) -module M is coherent. On the other hand, take F ∈ Coh(O (γ) X ). Then by (3), F is written as F = M for some left R (γ) -module M . Since F is given by the extension of coherent O X -modules, M is finitely generated.
For the sub category
) be the full sub category whose objects have cohomology in C. As a corollary, we obtain the following:
.
) is a derived category of finitely generated left R (γ) -modules.
(Proof ) We have proved the fully faithfulness. Since the object of QCoh(O (γ) X ) is written as M for left R (γ) -module M , the image from LHS generates RHS.
Remark 3.4
In general we can show the unbounded case of the above corollary as in [4] . Here we gave a proof of bounded case for the sake of simplicity. For the details, readers should refer [4] .
Infinitesimal deformations of Coh(X)
In this section, X is a smooth projective variety over C. The aim of this section is to construct the infinitesimal deformations of Coh(X). First we begin with the general situation. Let us take an affine open cover X = ∪ N i=1 U i , and denote this open cover U.
Let us consider a sheaf of algebra A on X and its center Z(A).
We define the category Mod(X, τ ) as follows:
where F i ∈ Mod(A| U i ) and φ i 0 i 1 are isomorphisms
as left A| U i -modules. These date must satisfy the equality
We denote the category of quasi-cohrent τ -twisted left A-modules QCoh(A, τ ), and coherent twisted sheaves as Coh(A, τ ). (Proof ) The proof is easy and left it to the reader.
Fundamental properties and operations on Mod(A, τ )
We have the obvious functors:
j * is right adjoint of j * , and j ! is left adjoint of j * . For F = (
Here for a sheaf
• Tensor product Let us take F ∈ Mod(A op , τ ). Assume that the right action of the subalgebra B ⊂ A on F is centralized. Then we have the functor,
In particular if B is contained in the center of A, then we have the functor,
• Pull-back Let f : Y → X be a morphism of varieties, and A, B be a sheaf of algebra on X and Y . If there exists a morphism of algebras f −1 A → B which preserves centers, then we have the pullback
• Push-foward In the same situation as above, we have a morphism of algebras A → f * B which preserves centers. We have the push-forward:
Clearly f * is a right adjoint of f * .
• Enough injectivity
(ii) For every A ∈ Mod(A, τ ), there exists a flat object P ∈ Mod(A, τ ) and a surjection P ։ A. Here we say F = ({F i },
(Proof ) (i) Take A ∈ Mod(A, τ ). Since Mod(A| U i ) has enough injective, there exists an injection j * A ֒→ I i for an injective object
is an injection. Since j * is a right adjoint of j * , i I i is an injective object of Mod(A, τ ).
(ii) Take A ∈ Mod(A, τ ). We can take a surjection
is surjective and iP i is flat.
Let us take an element
We will construct the sheaf of
We can consider γ as a bidifferential operator O X ×O X → O X , and
, the kernel of the following morphism:
We define the product on O X ⊕ C 0 (U, O X ) by the formula:
Then it is easy to see O 
as a sheaf of algebra.
, we have an element
which is a cocycle. Let Mod(X, u) := Mod(O (β,γ) X , α), and define QCoh(X, u) and Coh(X, u) as in the same way. Now we can define D * (X, u) for * = b, ±, ∅ as follows.
As in [4] , we have the following proposition:
Proposition 4.5 There exist natural equivalences:
(Proof ) The proof is same as in [4] . Take an affine open cover X = ∪ N i=1 U i . We use the induction on N to prove the Proposition, and the case of N = 1 and * = b has been proved in the previous section. Now we can construct the derived category transformations. Take two smooth projective varieties X and Y , and u = (α, β, γ) ∈ HT 2 (X), v = (α ′ , β ′ , γ ′ ) ∈ HT 2 (Y ). For a perfect object (i.e. locally quasi-isomorphic to bounded complexes of free modules)
, we will construct a functor
Hereǔ := (α, −β, γ). Firstly take F ∈ Coh(X, u). Since we have a morphism of algebras
we obtain the object
Now by Lemma 4.3, we can define
1 F is centralized, we can obtain the object,
(Since P † is perfect, L ⊗ P † preserves boundedness.) Applying Rp 2 * , we obtain
If all the cohomologies
by Lemma 4.5. In fact we have
Since we have a morphism of algebras i : O (β,γ) X → O X , we have functors:
Passing to derived categories and using Proposition 4.5, we can obtain the derived functors:
Note that an equivalence Φ :
. Now we can state our main theorem.
Theorem 4.7 Let X and Y be smooth projective varieties such that there exists an equivalence of derived categories
gives an equivalence. Φ † satisfies the (2-) commutativity of the following diagram:
Atiyah classes and the FM-transforms
In this section we will analyze the atiyah classes of the kernel of the Fourier-Mukai transform, and give the preparation for the proof of the main theorem. Firstly let us remind the universal atiyah class. Consider the exact sequence,
The universal atiyah class
is an extension class of the exact sequence (⋆).
Consider the composition
By composing anti-symmetrization ǫ : Ω ⊗i X → Ω i X , we get a morphism
Definition 5.2 The exponential universal atiyah class is a morphism
Here a X,0 = id.
Caldararu [1] showed the following:
Here
By the above proposition, HKR-isomorphism is nothing but the following morphism
Next, let us remind the atiyah class and exponential atiyah class for an object P ∈
to the exact sequence (⋆), we obtain the distinguished triangle,
The atiyah class a(P) ∈ Ext 1 X (P, P ⊗ Ω X ) is a morphism a(P) : P −→ P ⊗ Ω X [1] in the distinguished triangle (⋆ P ).
As in the exponential universal atiyah class, let us take the composition,
By composing ǫ : Ω ⊗i X → Ω i X , we get the morphism,
Definition 5.5 The exponential atiyah class of P is a morphism
Here a(P) 0 = id. Now let us consider two smooth projective varieties X and Y , and an equivalence of derived categories Φ :
Note that Φ induces the isomorphism φ : HH * (X) → HH * (Y ). We have the following proposition:
Proposition 5.6 φ factorizes into the isomoprhisms:
It is easy to see
We have a following functor:
The above functor is an equivalence, since the functor
gives a quasi-inverse. Here E is a kernel of Φ −1 . Similarly we have an equivalence
Consider the following diagrams:
The above diagrams are (2-)commutative. Let us check the commutativity of the left diagram. Take a ∈ D b (X). Then
The second isomorphism follows from flat base change of the diagram below
and the third isomorphism is a projection formula. By the commutativity of the diagram,
Therefore we have the isomorphisms:
Since the equivalence Φ p * 13 P⊠p * 24 E X×X→Y ×Y in Theorem 2.4 is nothing but the functor
the composition of the above isomorphisms is equal to φ. Now take the exponential atiyah class of P exp a(P) :
and take direct summands,
By the commutative diagram (♠) in the proof of Lemma 5.6, we have two morphisms exp(a)
We will investigate the relation between exp(a) + X , exp(a) + Y , and universal exponential atiyah classes of X and Y . Let σ : X × X → X × X be the involution σ(x, x ′ ) = (x ′ , x).
Lemma 5.7
We have the following equalities:
be direct summands of exp(a) + X and exp a(P) X respectively. For i = 1, we denote * 1 = * for * = a + X or a(P) X . We will show a + X,i = σ * a X,i . This is equivalent to a(P) X,i = P • (σ * a X,i ). First we treat the case of i = 1.
Let p ij and q ij be projections from
be the kernel of the composition
Then we have a morphism of distinguished triangles, (in fact morphism of exact sequence)
Note that since
The bottom sequence is obtained by applying (id × ∆ Y ) * p * 12 to the distinguished triangle,
Then we have the isomorphisms of functors,
Therefore if we apply Φ to the diagram (♦), we obtain the morphism of distinguished triangles,
. Since the morphism P → P • (O ∆ X ), P ⊗ Ω X×Y → P • (∆ X * Ω X ) of the above diagram are equal to id P , and direct summand P ⊗ Ω X×Y →
Secondly we show a(P) X,i = P • (σ * a X,i ) for all i. Since
we have a(P) X,i = P • (σ * a X,i ).
Using the above proposition, we can find the relation between HKR-isomorphism, the isomorphism HH * (X) → Ext * X×Y (P, P) of Lemma 5.6 and the exponential atiyah-classes. In fact we have the following lemma:
Lemma 5.8 The following diagrams are commutative:
(Proof ) We show the commutativity of the left diagram. Take u ∈ H p (X, ∧ q T X ). Since σ * a X,q = a
Therefore P • I X (u) is the composition
But this is equal to the composition
Therefore the commutativity of the diagram follows.
Proof of the main theorem
In this section we will prove Theorem 4.7. Let X, Y and Φ, P as in the previous sections. We want to extend
For this purpose we have to investigate the relation between u, v, and the exponential atiyah-class of P. For u ∈ H p (X, ∧ q T X ), letǔ := (−1) q u, and extend the operation to HT * (X) linearly. Then it is clear σ * I X (u) = I X (ǔ). Take u ∈ HT * (X) and v = φ T (u). By Lemma 5.8 and the above remark, we have
Therefore to extend P to P † , it suffices to show the next proposition.
Proposition 6.1 Let P ∈ D b (X) satisfies u · exp a(P) = 0 for u ∈ HT 2 (X). Then there exists an object P † ∈ D b perf (X, u) such that Li * P † ∼ = P.
(Proof ) Let P • be a complex of locally free sheaves on X, which represents P. Since P n is locally free, we have
and the distinguished triangle
is represented by the exact sequence of complexes,
But P n → P n has a C-linear section ψ n : P n → P n ,
and ψ • : P • → P • gives a C-linear splitting of P • → P • . Therefore atiyah class a(P) is zero-map in the derived category of sheaves of C-modules D(X, C). In D b (X), the atiyah class is represented by the morphism of complexes,
Here T is a translation functor
Then it is well-known that the homotopy between a(P) and 0 in Mod(X, C) is given by ∇ :
is homotopic to 0 in Mod(X, C). Since
the homotopy is given by −ǫ(∇ • d C • ∇). Here d P and d C are differentials of P • and C • (U, P • ) respectively. Therefore β · a(P) 1 + γ · a(P) 2 is homotopic to 0 in Mod(X, C) and the homotopy is given by
By the assumption,
So the lemma follows.
We have constructed the unbounded complex of QCoh(X, u). Next we show the cohomologies of P † is bounded and coherent.
Lemma 6.4 P † is locally quasi-isomorphic to the bounded complex of free O (β,γ) X -modules of finite rank, and Li * P † ∼ = P.
be a projection and h n i be the composition, h
Let P n i := P n | U i [ε]/(ε 2 ) be a free left O 
i is acyclic, the first part of the lemma follows. For the second part, we have a morphism of complexes (P † ) • → i * P • by construction. By taking adjoint, we have a morphism Li * P † → P in D b (X). This morphism is quasi-isomorphic on U i , hence quasi-isomorphic.
By the above proposition, we can get the object P † ∈ D b (X ×Y, −p * 1ǔ +p * 2 v). Therefore we can construct a functor Φ † : D b (X, u) → D b (Y, v). Next we will show Φ † satisfies the commutativity of the diagram of the main theorem. 
